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The thermal  res i s tance  of vacuum-shield  insulation is evaluated on the basis of ea r l i e r  tes t  
data [1] on the anisotropy of heat conduction through it. 

The data in [1] indicate a ve ry  pronounced anisotropy of heat conduction through a vacuum-shield 
the rmal  insulation along and ac ros s  its l aye r s .  For  this reason,  an evaluation of the thermal  res i s tance  
of such an insulation must  take into account this anisotropy as well as the specific s t ructura l  conditions 
under which it is used. 

We will consider the case of s teady-s ta te  heat t ransmiss ion  through a flat l ayer  of anisotropic 
vacuum-shie ld  insulation with heat t r ans fe r  at its end surfaces .  This case is typical of many pract ical  
s t ruc tura l  designs involving the installation of vacuum-shield insulation. 

The schemat ic  diagram in Fig. 1 shows the t r ansve r se  section through a flat l ayer  of anisotropic 
insulation having the shape of an infinitely long pr i sm.  The heat t r ans fe r  at the end sur faces  is defined 
by boundary conditions of the third kind. 

Le t  the constant  thermal  conductivities along the x-  and y-axis  be Lx and ~.y, respect ively ,  and the 
t empera tu re  of the insulation be T. The differential equation of heat conduction in this case will be 

)~ Oy_T - L~ O'T - O. 
�9 Ox ~ Oy z 

and the boundary conditions: 
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In the dimensionless  coordinates 

Eq. (1) becomes 

= x l / - ) ~ ' a n d q - -  Y 
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Fig.  1. Schemat i c  d i a g r a m  for  ca lcu la t ing  the hea t  
t r a n s f e r  in l a m i n a t e d  insulat ion.  

We in t roduce  the follow ing nota t ion:  

- - = k x  __k; R,a--- b._b_., R1--- 1 ; R,_= - - . 1  

Then the bounda ry  condi t ions  can be r ewr i t t en  as 

for q : :  1 0T __ R.~I (T 1 _ T); 
aq Ri 

for ~1= 0 0T _ /~v (T--To);  

for ~ = 0 aT R,~. 1 (T - -  T~); 

a OT . R~j 1 
for ~ = b l . k  O~ - ~ . , ' - ~  ( T 2 - T ) "  

The solut ion will  be sought  in the f o r m  

T : T  o + [ ( ~ ,  ~]), 

with T o c o r r e s p o n d i n g  to a o n e - d i m e n s i o n a l  t e m p e r a t u r e  field (d i s r ega rd ing  the hea t  t r a n s f e r  at the end 
s u r f a c e  of the spec imen) .  

If we le t  T O = C O + Cl~ , then the boundary  condit ions will  y ie ld  

R,t 
C i = ~  1Ry (T 1 _ C o _ e l ) ;  Ci = ~.,. (C o-T.,),. 

f r o m  where  

R~ (Ti - -  Co) - -  R,, Co-r =  (Co-rO. 

We add the fol lowing nota t ion:  

so  that  

C O - -  T 2 --= Co; T, - -  T 2 ----- AT, 

R2 AT 
Rv + Ri + R2 

; Ci = 
RvAT 

Rv + Ri + R~ 

Now Eq. (2) b e c o m e s  

a2f ' ~  = o  
0-~ t arl2 

and the boundary  condi t ions:  

for q=l af 
Oq 

R~, f; 
R~ 

(3) 

(4) 
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for ~=0 

a 
for ~=  

for n=0 of R~ t; 
aq R~ 

of _ ~ C (f + c;  + c,n - At);  
a~ Ri 

of _ Ry 
o~ R: V z  (f + c; + c, ~). 

(5) 

(6) 

(7) 

We wi l l  seek function f which is harmonic within the rectangle ABCD: 

n = l  

[(A; sin P,Jt + B; cos,~J1) ch ~ + (A~' sin ~J1 § Bn' cos ~Jl ) sh I~,~ ~], (8) 

with ~n defined by the transcendental  equation 

ctg ~ - RI R, 1 Ra + R2 ( RTs ), (9) 

which follows from a simultaneous solution of (4), (5), and (8). F rom the same equations we also obtain 

B', B~' R2 

A~ An Ry 
(lO) 

On the basis of (8) and (10), we can express f as 

n =  1 

( I i )  

where 

S. 01) = sin pJ1 § k ~ cos ~tjI. 

Inserting solution (11) into the boundary conditions (6) and (7), we find 

n=l 

(12) 

(13) 

Ixn A'nshg~ bj # i Pn 
n = l  

R----L-U (A'~ch~ a ' A'n'sh a ) ] s  _~. 1 + R~, ~ bV~ ~ ~ .(~) . . . . .  |/%(C'o+C~n). 04) 

In order  to determine coefficients A n and A~, we expand the r ight-hand sides of Eqs. (13) and (14) into 
ser ies  in t e rms  of eigenfunctions Sn(~) of the S tu rm-Liouvf l l e  boundary-value problem corresponding to 
the boundary conditions (4) and (5). 

Finally,  we have 

A~' 1 Ry I A' 1 Ry [(C0-- AT) y~ + C,fJn], (15) 

where 
S,~ ~,~= S~  

S. = 1--cos~. + R~ sin 
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where  

sin~, c o s ~ +  R~ ~s in~ 
Sn~ ~ 2 " �9 

t~ ~ Ry \ 

A'~ - An 

1 - - c o s ~  ); 

sin2~n ~ R~ (l--cos2~)., 
4~ R u 2 

A n = Rv (C;y~ + C1~3n) -4:- 1 R v [ (~t~.a._a_~ 
\~k b ]  

i b j j  + - k T " ~  sh (C0-- AT) ~ + c ,~  ]; 

Hn= ~ +  ~tnk RxR~], \1 kb ] + R~V :~- I + - ~ :  chkv-#O . 

The thermal  flux densi ty on a s t r ip  of unit width along segment  AB (y = 0) is q = a2[T(~, 0)-T2]. We will 
express  it as a sum q = q0 + qt of the thermal  flux corresponding to a one-dimensional  t empera tu re  field 

AT 
q0 ~ Rv + RI + R~ 

and an additional thermal  flux due to heat  t r ans fe r  at  the end sur faces  

f(,L O) ql 
R~ 

(16) 

o r  

n ~ l  

The total thermal  flux on a s t r ip  of unit width along AB (y = 0) is 

a 

�9 b 1,~ 

S 
0 0 

(17) 

where  Q0 = q0 a is the total the rmal  flux on a s t r ip  of unit width in a one-dimensional  t empera tu re  field, 

Q~= AT] / -k -~ {A ;sh(  ~ "  v = \ l / k  b } _ ~ ) - - i ] } ,  (18) 

and Q1 is the additional the rmal  flux due to heat t r a n s f e r  a t  the end sur faces .  

Analogously, 

Q,- 
Rv Z ~t,~s,~ 

n~l  

b ) + A n ' c h ( ~ % - "  a ~ ) ]  ' ~ , V k  b , (19) 

where  Q2 is the total the rmal  flux on a s t r ip  of unit width along BC (at the x =a-end) .  

Of prac t ica l  in teres t  is the edge effect  Q* in an insulation with an infinitely long x-dimension (i.e., 
when a/b#- k - -  ~). After a few t ransformat ions ,  we have 

Q, = b r k AT (R~ + RO V~ - -  R#n (20) 
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Fig.  2. Heat  t r a n s m i s s i o n  th rough  the insulat ion,  as a 
funct ion of the insula t ion p a r a m e t e r s ,  a:  Bi = 20, Bi T 
= 10; 1) k = 1; 2) 10; 3) 100; 4) 1000; 5) 10,000; b: 1) k 
= 1; 3) 100; 5) 10,000. Solid cu rves  ca lcu la ted  a c c o r d -  
ing to f o r m u l a  (t8); dashed  cu rves  ca lcu la ted  a c c o r d i n g  
to f o r m u l a  (20). 
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Fig.  3. Hea t  t r a n s m i s s i o n  th rough  the insula t ion,  as  
a function of  the insulat ion p a r a m e t e r s ,  with Bi = 100 
and Bi T = 50. a: 1) k = 1; 2) 100; 3) 10,000. Solid l ines  
r e p r e s e n t  (Q1 + Q2)/Q0; dashed  l ines  r e p r e s e n t  Q2/Q0; 
b: 2) k = 100; 3) 10,000o 
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The analyt ical  solutions (18), (19), and (20) a re  shown graphica l ly  in Figs.  2 and 3, where  the r e su l t s  of 
calculat ions on a digital computer  a re  given in cr i t ica l  form.  The graphs  r e p r e s e n t  re la t ions  for  the r e -  
f e r r ed  the rma l  flux Q in t e r m s  of Qx/Qo, (QI + Q2)/Q0, (Ql + Q2 + Qo)k/(Ql + Q2 + Q0)k=l as functions of 
k = ~.x/~.y, N =a/b~k or  a/b, at  constant  values of Bt = R y / R  1 and Bi '  = Ry /R2 .  

The d imens ion less  ra t io  Q1/Q0 c h a r a c t e r i z e s  the effect  of heat  t r a n s f e r  at the end su r faces  on the 
t he rma l  flux on the insulation su r face  along the segment  AB, Q2/Qo c h a r a c t e r i z e s  the t he rma l  flux on the 
end su r f aces  of the insulation (segment  BC), (Q1 + Q2)/Qo cha rac t e r i z e s  the effect  of heat  t r a n s f e r  at  the 
end su r faces  on the total heat  t r ansmi t t ed  through the insulation, and (Q0 + QI + Q2)k/(Qo + Q1 + Q2)k=l 
cha rac t e r i ze s  the effect  of the an iso t ropy  of the insulation on the heat t r ansmi t t ed  through the insulation. 

The calculated resu l t s  indicate that  the additional the rma l  fluxes at the end su r faces  of an an iso t ropic  
insulation may  reduce  the insulation effect iveness  to a fract ion.  This ,  in turn,  indicates the need for  s p e c -  
ial designs which would l im i t  the heat  t r an s f e r  at the end su r faces  when an iso t rop ic  laminated  the rma l  in- 
sulation is used. 

T 

T l , T2 
x , y  

a , b  
Oll, O~ 2 

qo, ql, q2 

N O T A T I O N  

is the t empe ra tu r e ;  
a r e  the a m b i e n t t e m p e r a t u r e s  at the boundar ies  of the insulation layer ;  
a r e  the coordinates;  
a r e  the l inear  dimensions  of the insulation layer ;  
a r e  the coeff icients  of hea t  t r a n s f e r  at the boundar ies  of the insulation layer ;  
a r e  the t he rma l  flux dens i t ies  on the inner boundar ies  (AB and BC) of the insulation l aye r .  
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